Generalizations of the Busemann–Petty problem for sections of convex bodies  by Rubin, Boris & Zhang, Gaoyong
Journal of Functional Analysis 213 (2004) 473–501
Generalizations of the Busemann–Petty problem
for sections of convex bodies
Boris Rubina,1 and Gaoyong Zhangb,,2
a Institute of Mathematics, Hebrew University, Jerusalem 91904, Israel
bDepartment of Mathematics, Polytechnic University, 6 Metrotech Center, Brooklyn, NY 11201, USA
Received 16 June 2003; accepted 2 October 2003
Communicated by J. Bourgain
Abstract
We present generalizations of the Busemann–Petty problem for dual volumes of
intermediate central sections of symmetric convex bodies. It is proved that the answer is
negative when the dimension of the sections is greater than or equal to 4. For two- three-
dimensional sections, both negative and positive answers are given depending on the orders of
dual volumes involved, and certain cases remain open. For bodies of revolution, a complete
solution is obtained in all dimensions.
r 2003 Elsevier Inc. All rights reserved.
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0. Introduction
Let M be a compact convex set of dimension i in Rn that contains the origin in its
relative interior. When i ¼ n; M is called a convex body. For 1pkpi; when a
subspace ZCRn has dimension n  i þ k; the intersection M-Z is a k-dimensional
compact convex set in general. The kth dual volume V˜kðMÞ is deﬁned as the average
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of the k-dimensional volume volkðM-ZÞ about Z;
V˜kðMÞ ¼
Z
Gn;niþk
volkðM-ZÞ dZ; ð0:1Þ
where volkðÞ denotes the k-dimensional volume functional, and dZ is the invariant
probability measure on the Grassmannian Gn;niþk: Note that V˜iðMÞ ¼ voliðMÞ:
Dual volumes are important geometric invariants of sections of convex sets; see
Remark 2.2 for further discussion. One of the subjects for sections of convex sets is
to study how dual volumes behave. In this paper, we investigate inequalities of dual
volumes of origin-symmetric convex bodies. We consider the following problem:
Problem A. Let K and L be origin-symmetric convex bodies in Rn; 1pkpi; and
kolpn: If
V˜kðK-xÞpV˜kðL-xÞ
for any xAGn;i; does it follow that
V˜lðKÞpV˜lðLÞ?
The special case, k ¼ i ¼ n  1; l ¼ n; is the well-known Busemann–Petty problem
[BP]: If K and L are origin-symmetric convex bodies in Rn; is the volume of K
smaller than that of L when voln1ðK-xÞpvoln1ðL-xÞ for every hyperplane x
through the origin? This problem has been resolved by a series of works, see
[B,Bo,G1,G2,G3,Gi,GKS,K1,LR,Lu,P,Z2]. Simpliﬁed proofs were presented in
[BFM,K3,R3]. The Busemann–Petty problem has a positive solution in R3 and in
R4; and a negative solution in higher dimensions. The case k ¼ i; l ¼ n; of Problem A
is known as the generalized Busemann–Petty problem [Z1]. It generalizes the above-
mentioned problem of Busemann and Petty to the case of i-dimensional plane
sections where i may be less then n  1: It was shown in [BZh] that the generalized
Busemann–Petty problem has a negative solution when iX4: A different proof of
this result was given in [K2]. For i ¼ 2; or 3; the answer is still open. For the special
case, when K is a body of revolution, the answer for i ¼ 2 and 3 is positive [GrZ,Z1].
An alternative proof of this fact is given below in the framework of a more general
consideration.
Problem A can be reformulated in an equivalent form which is more convenient to
handle and has generalizations. We denote by Sn1 the unit sphere in Rn endowed
with the rotation-invariant probability measure du: Let K be a convex body in Rn
that contains the origin in its interior. The radial function of K is deﬁned by
rKðuÞ ¼ supflX0 : luAKg; uASn1:
One can show (see Lemma 2.1) that
V˜kðK-xÞ ¼ kk
Z
Sn1-x
rKðuÞkdxu
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where kk is the volume of the k-dimensional unit ball, and dxu denotes the
normalized Lebesgue measure on Sn1-x: In view of this, we introduce the
following functionals:
IkðK ; xÞ ¼
Z
Sn1-x
rKðuÞkdxu; JlðKÞ ¼
Z
Sn1
rKðuÞl du: ð0:2Þ
Problem B. Let K and L be origin-symmetric convex bodies in Rn; 0okoloN: If
IkðK ; xÞpIkðL; xÞ
for any xAGn;i; does it follow that
JlðKÞpJlðLÞ?
In Problem B, k and l are any positive numbers. If they are integers satisfying
1pkpi and kolpn; then Problem B is a reformulation of Problem A. Particular
cases of Problem B were considered by Hadwiger [H] ðn ¼ 3; l  kp1Þ for bodies of
revolution, and Koldobsky [K2, Theorem 8] ðk ¼ n  1; i ¼ 3Þ for any origin-
symmetric convex bodies. For these cases they gave afﬁrmative answers. Problem B
has trivially an afﬁrmative answer when i ¼ 1: So it is always assumed in the
following that 2pipn  1:
Main results. (a) Problem B (and therefore Problem A) has a negative answer in the
cases ðiÞ iX4; ðiiÞ l  k4n  i for i ¼ 2 or 3 (Theorem 6.1).
(b) Problem B has a positive answer when l ¼ k þ 1 for i ¼ 2 or 3 (Theorem 5.2).
(c) Other cases of i ¼ 2 or 3 remain open in general, but have positive answers when
K is a body of revolution (Corollary 5.4).
These results are generalizations of the full solution to the Busemann–Petty
problem. The main tools we use are totally geodesic Radon transforms and
harmonic analysis on the sphere. We also apply some techniques of fractional
calculus [R1,SKM], in particular, the Erdelyi–Kober fractional integrals which arise
in our problem in a natural way. The curvature of a convex body plays an important
role in the proof of negative results.
The paper is almost self-contained. Section 1 contains auxiliary facts related to the
spherical Radon transform and the corresponding dual transform. In Section 2 we
deﬁne a class of star bodies called ði; pÞ-intersection bodies and establish connection
between these bodies and Problems A and B. Section 3 includes a few elementary
geometric lemmas. In Section 4 we derive important formulas that represent the
radial function of a convex body in terms of volumes of parallel sections via the dual
spherical Radon transform. These are generalizations of the corresponding formulas
in [G1,GKS,Z2]. In Section 5 we justify positive answers for Problems A and B.
Negative answers are obtained in Section 6. All results for Problem A in the case of
bodies of revolution are summarized in Table 1 at the end of Section 6.
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As we have already mentioned, a negative answer to the generalized Busemann–
Petty problem for iX4 was ﬁrst given in [BZh]. However, the proof of one of the
lemmas in [BZh] has certain gap. We will give another proof of that lemma in the
Appendix.
Notation. Denote by sp1 ¼ 2pp=2=Gðp=2Þ; p40; and kp ¼ sp1=p: Then sn1 is the
surface area of the unit sphere Sn1 in Rn; and kn is the volume of the n-dimensional
unit ball Bn: Let Gn;i; 1pipn  1; be the Grassmann manifold of i-dimensional
subspaces of Rn: For uASn1 and xAGn;i; we denote by du and dx the corresponding
SOðnÞ-invariant measures with total mass 1: A convex body in Rn is a compact
convex set with non-empty interior. The class of all convex bodies in Rn containing
the origin o in its interior will be denoted by Kn: Denote by Kne the subclass of
origin-symmetric convex bodies. A star body L in Rn is a star shaped set about the
origin that has continuous radial function rLðuÞ ¼ supflX0 : luALg; uASn1: The
class of star bodies is denoted bySn: The subclass of origin-symmetric star bodies is
denoted by Sne : Denote by N the set of positive integers.
1. The spherical Radon transform
Various problems about sections of centrally symmetric bodies are intimately
connected with the totally geodesic Radon transform on the unit sphere Sn1 and the
corresponding dual transform. In this section we present some auxiliary lemmas
about these transforms. More information can be found in [He,R2,R3], and other
sources.
For continuous functions f ðuÞ on Sn1 and jðxÞ on Gn;i; the totally geodesic
Radon transform Rif (which is also called the spherical Radon transform of f ) and
its dual transform Ri j are deﬁned by
ðRif ÞðxÞ ¼
Z
Sn1-x
f ðuÞ dxu; ðRi jÞðuÞ ¼
Z
x{u
jðxÞ dux; ð1:1Þ
where dxu and dux denote the induced normalized measures on the corresponding
manifolds Sn1-x and fxAGn;i : x{ug: These manifolds can be identiﬁed with Si1
and Gn1;i1; respectively. The duality between Ri and Ri is expressed byZ
Gn;i
ðRif ÞðxÞjðxÞ dx ¼
Z
Sn1
f ðuÞðRi jÞðuÞ du: ð1:2Þ
This allows to deﬁne Rim and Ri n for arbitrary ﬁnite Borel measures m on S
n1
and n on Gn;i:
Let e1; e2;y; en be coordinate unit vectors, and x  y the usual inner product in Rn:
Given uASn1 and xAGn;i; we write dðu; xÞ for the geodesic distance between u and
Sn1-x; and denote by jPxuj the length of the orthogonal projection of u onto x: It is
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easily seen that
sin dðu; xÞ ¼ jPx>uj; cos dðu; xÞ ¼ jPxuj: ð1:3Þ
A function on the unit sphere Sn1 or on the Grassmannian Gn;i is called a zonal
function if it is invariant under the group SOðn  1Þ of rotations preserving the
north pole en:
Lemma 1.1. (i) A function f ðuÞ on Sn1 is zonal if and only if there is a function f0ðtÞ on
½1; 1; such that f ðuÞ ¼ f0ðcosoÞ;o ¼ dðen; uÞ: If f ðuÞ is zonal then f ðuÞ ¼
f ðe1 sinoþ en cosoÞ:
(ii) A function jðxÞ on Gn;i is zonal if and only if there is a function j0ðsÞ; sA½0; 1;
such that jðxÞ ¼ j0ðsin yÞ; y ¼ dðen; xÞ: If jðxÞ is zonal then jðxÞ ¼ jðxyÞ where
xy ¼ spanðe1;y; ei1; ei sin yþ en cos yÞ:
Statement (i) and the ‘‘if’’ part in (ii) are obvious. The ‘‘only if’’ part in (ii) can be
understood by geometric reasoning and proved analytically following more general
Lemma 2.7 from [GrR].
The next lemma provides Abel-type representations for the Radon transforms
(1.1) of zonal functions.
Lemma 1.2. For uASn1 and xAGn;i; we denote
o ¼ dðen; uÞ; t ¼ coso; y ¼ dðen; xÞ; s ¼ sin y:
If f ðuÞ ¼ f0ðtÞ and jðxÞ ¼ j0ðsÞ then
ðRif ÞðxÞ ¼ c1
cosi2 y
Z cos y
cos y
ðcos2 y t2Þði3Þ=2f0ðtÞ dt; ð1:4Þ
ðRi ÞðuÞ ¼
c2
sinn3 o
Z sin o
0
ðsin2 o s2Þði3Þ=2 sni1 j0ðsÞ ds; ð1:5Þ
c1 ¼ si2si1; c2 ¼
si2 sni1
sn2
;
provided that the corresponding integrals exist in the Lebesgue sense. If f is an even
function then ð1:4Þ becomes
ðRif ÞðxÞ ¼ 2c1
cosi2 y
Z cos y
0
ðcos2 y t2Þði3Þ=2f0ðtÞ dt: ð1:6Þ
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Proof. Formula (1.4) can be found in many sources in different forms. Both
formulas were presented in [R2, Lemma 2.4]. For the sake of completeness we give
another proof which is more geometric. Let Pxen ¼ ðcos yÞu0; c be the angle between
u0 and u: Using spherical trigonometry on the triangle ðen; u; u0Þ; we get u  en ¼
coso ¼ cos c cos y; and
ðRif ÞðxÞ ¼
Z
Sn1-x
f0ðu  enÞ du
¼ si2
si1
Z p
0
f0ðcos c cos yÞsini2c dc:
This coincides with (1.4). In order to prove (1.5) we ﬁx a subspace x0AGn;i that
contains en and u; and denote by Gu the group of rotations in u
>: For aAGu; let
aen ¼ v sinoþ u coso; vASn1-u>: Then jPx>0 ðaenÞj ¼ jPx>0 vjsino; and by (1.3),
ðRi a2ÞðuÞ ¼
Z
x{u
aðjPx>enjÞ dx
¼
Z
Gu
aðjPa1x>0 enjÞ da
¼
Z
Gu
aðjPx>0 ðaenÞjÞ da
¼
Z
Sn1-u>
aðjPx>0 vjsinoÞ dv:
Using the bi-spherical coordinates [VK, pp. 12, 22]
v ¼ x cos cþ y sinc; dv ¼ c2 sinni1 c cosi2 c dc dx dy;
xASi2Cx0-u>; yASni1Cx>0 ; 0ocop=2;
we have jPx>0 vj ¼ sin c; and
ðRi a2ÞðuÞ ¼ c2
Z p=2
0
aðsino sin cÞsinni1 c cosi2 c dc:
This gives (1.5). &
Let Ci be the class of C
N zonal functions on the Grassmannian Gn;i: Note that C1
is the class of even CN-functions on Sn1:
Lemma 1.3. The Radon transform Ri and the dual transform R

i are bijective mappings
from C1 onto Ci and from Ci onto C1; respectively.
Proof. It is known (see [He, Proposition 2.4, p. 60]) that Ri and R

i act from
CNðSn1Þ into CNðGn;iÞ and from CNðGn;iÞ into CNðSn1Þ; respectively. Since both
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transforms commute with rotations, then RiðC1ÞCCi and Ri ðCiÞCC1: Injectivity of
Ri on C1 and R

i on Ci follows from Lemma 1.1 and uniqueness of inversion of Abel-
type integrals (1.6), (1.5) [SKM]. It was also proved in [GZ] (Lemma 2.2) using
harmonic analysis on Grassmannians. Note that Ri is injective on C
N
evenðSn1Þ [He, p.
99; R2], whereas Ri is not injective on C
NðGn;iÞ:
In order to prove surjectivity of Ri :C1-Ci and R

i :Ci-C1 we introduce the
spherical Riesz potential (or the generalized sine transform) [R2]
ðQaf ÞðuÞ ¼ sn1Gððn  1 aÞ=2Þ
2pðn1Þ=2Gða=2Þ
Z
Sn1
ð1 ju  vj2Þðanþ1Þ=2f ðvÞ dv
¼ sn1Gððn  1 aÞ=2Þ
2pðn1Þ=2Gða=2Þ
Z
Sn1
ðsin dðu; vÞÞanþ1f ðvÞ dv; ð1:7Þ
a40; a n þ 1a0; 2; 4;y:
Here dðu; vÞ is the geodesic distance between the points u; vASn1: The normalizing
coefﬁcient in (1.7) is chosen so that if Yj is a spherical harmonic of degree j [M,Ne],
then by the Funk-Hecke formula and [PBM, 2.21.2(3)], QaðYjÞ ¼ qaðjÞYj where
qaðjÞ ¼ Gððj þ n  1 aÞ=2ÞGððj þ 1Þ=2ÞGððj þ aþ 1Þ=2ÞGððj þ n  1Þ=2Þ ðBðj=2Þ
a as j-NÞ ð1:8Þ
for j even, and qaðjÞ ¼ 0 for j odd. Since qaðjÞ is ﬁnite for a n þ 1a0; 2; 4;y;
different from zero for j even, and has a power behavior as j-N; then Qa maps
CNevenðSn1Þ into CNevenðSn1Þ and is injective. By the same reason, for any
gACNevenðSn1Þ; if g ¼
P
Yj ; then f ¼
P
j even qaðjÞ1Yj belongs to CNevenðSn1Þ and
Qaf ¼ g: Thus Qa is an automorphism of CNevenðSn1Þ: It is known [p. 94; R2,
Theorem 1.1], that
Ri Rif ¼ c Qi1f ; c ¼
Gððn  1Þ=2ÞGði=2Þ
Gððn  iÞ=2ÞGð1=2Þ: ð1:9Þ
Let us show that each function jACi is represented by the Radon transform
j ¼ Rif for some fAC1: We have Ri jAC1: Hence there exists fAC1 so that Ri j ¼
cQi1f : By (1.9), Ri j ¼ Ri Rif : Since j and Rif are zonal and Ri has a trivial kernel
in Ci; this implies j ¼ Rif : Now let us show that each function fAC1 is represented
by the dual Radon transform f ¼ Ri j for some jACi: By (1.9),
f ¼ Qi1ðQi1Þ1f ¼ Ri j; j ¼ c1RiðQi1Þ1f :
Since Ri and ðQi1Þ1 preserve smoothness and zonality, we are done. &
ARTICLE IN PRESS
B. Rubin, G. Zhang / Journal of Functional Analysis 213 (2004) 473–501 479
2. Dual volumes and intersection bodies
The following lemma contains various representations of the dual volume
functional V˜k: For xAGn;i; we denote by Gi;kðxÞ the Grassmann manifold of all
k-dimensional subspaces Z in x:
Lemma 2.1. Let KASn; xAGn;i; 1pkpipn: Then the dual volume
V˜kðK-xÞ ¼
Z
Gn;niþk
volkðK-x-ZÞ dZ ð2:1Þ
has the following representations:
V˜kðK-xÞ ¼
Z
Gi;kðxÞ
volkðK-zÞ dz ð2:2Þ
¼ kk
Z
Sn1-x
rKðuÞkdxu ð2:3Þ
¼ kkðRirkKÞðxÞ ð2:4Þ
¼ sk1
si1
Z
K-x
jxjki dx: ð2:5Þ
Proof. Let us prove (2.2). For almost all ZAGn;niþk; the intersection z ¼ x-Z is an
element of Gi;kðxÞ: Given zAGi;kðxÞ; denote by dzZ the invariant probability measure
on the homogeneous manifold fZAGn;niþk : Z*zg: By the formulas (14.40) and
(14.42) in [Sa], for any fAL1ðGn;niþkÞ we haveZ
Gn;niþk
f ðZÞ dZ ¼
Z
Gi;kðxÞ
dz
Z
fZAGn;niþk :Z*zg
f ðZÞDðZÞ dzZ ð2:6Þ
where the factor DðZÞ satisﬁesZ
fZAGn;niþk :Z*zg
DðZÞ dzZ ¼ c  const:
The value of c depends on normalization of measures involved. If we set f ðZÞ ¼
volkðK-x-ZÞ then for Z*z we get f ðZÞ ¼ f ðzÞ; and (2.6) yieldsZ
Gn;niþk
volkðK-x-ZÞ dZ ¼ c
Z
Gi;kðxÞ
volkðK-zÞ dz: ð2:7Þ
If K is a unit ball then (2.7) gives c ¼ 1 and (2.2) follows.
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Let us prove (2.3) and (2.4), which are equivalent. By passing to polar coordinates,
we have volkðK-zÞ ¼ kkðRkrkKÞðzÞ; and thereforeZ
Gi;kðxÞ
volkðK-zÞ dz ¼ kk
Z
Gi;kðxÞ
ðRkrkKÞðzÞ dz ¼ kk
Z
Sn1-x
rKðuÞk dxu:
The last step is clear in view of duality (1.2) (set j  1). The equivalence of (2.5) and
(2.3) follows if we write (2.5) in polar coordinates. &
Remark 2.2. (i) If M is a compact convex set of dimension i in Rn that contains the
origin in its relative interior, and MCxAGn;i; then V˜kðM-xÞ ¼ V˜kðMÞ; cf. (0.1). By
(2.3), the dual volume V˜kðMÞ is independent of the dimension n of the ambient
space, and can be called the kth dual intrinsic volume of M: This notion is dual in a
sense to the intrinsic volume VkðMÞ introduced by McMullen [Mc1]; see also [Mc2,
S, p. 210]. Whereas VkðMÞ corresponds to projections of convex bodies, V˜kðMÞ is
appropriate to studying central sections. Representation (2.5) shows that V˜kðMÞ are
k-homogeneous rotation invariant valuations on Kn; see [A,Kl].
(ii) The integrals in (2.3) and (2.4) are meaningful for all positive k: We will keep
the same notation V˜kðK-xÞ and V˜kðKÞ for these cases. If i ¼ n; then (2.3) becomes
V˜kðKÞ ¼ kk
Z
Sn1
rKðuÞk du: ð2:8Þ
For kpn; kAN; (2.8) is the re-normalized version of the dual quermassintegral
V˜kðKÞ ¼ kkkn W˜nkðKÞ: ð2:9Þ
Dual volumes of star bodies were introduced by Lutwak; see [BZ, p. 158; Lu]. The
deﬁnition here differs by a normalization constant factor, which was resulted from a
discussion with R.J. Gardner.
(iii) In the case i ¼ n; kpn; kAN; (2.2) yields
V˜kðKÞ ¼
Z
Gn;kðxÞ
volkðK-zÞ dz: ð2:10Þ
This quantity measures the mean volume of k-dimensional central sections of K :
(iv) From (0.2) and (2.3), we have
V˜kðK-xÞ ¼ kkIkðK ; xÞ; V˜kðKÞ ¼ kkJkðKÞ: ð2:11Þ
These equalities give the connection between Problems A and B.
Deﬁnition 2.3. For 1pipn  1; pAR; an origin-symmetric star body KASne is called
an ði; pÞ-intersection body if there exists a non-negative measure m on the
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Grassmannian Gn;i such that
rpK ¼ Ri m: ð2:12Þ
We denote by Ii;p the class of all ði; pÞ-intersection bodies in Rn:
An ðn  1; 1Þ-intersection body is simply called intersection body. This notion was
introduced by Lutwak [Lu]. The ði; n  iÞ-intersection bodies were studied in
[GrZ,Z1]. The connection of Problems A and B with ði; pÞ-intersection bodies is
given by the following two lemmas. The basic idea comes from Lutwak [Lu].
Lemma 2.4. Let 0okol; and K ; LASn: If KAIi;lk; and
V˜kðK-xÞpV˜kðL-xÞ
for any xAGn;i; then
V˜lðKÞpV˜lðLÞ:
Proof. Since KAIi;lk; there exists a non-negative measure m on Gn;i such that
rlkK ¼ Ri m: By (2.8), (1.2), and the Ho¨lder inequality, we have
V˜lðKÞ ¼ kl
Z
Sn1
rKðuÞl du
¼ kl
Z
Sn1
ðRi mÞðuÞrKðuÞk du
¼ kl
Z
Gn;i
ðRirkKÞðxÞ dmðxÞ
¼ kl
kk
Z
Gn;i
V˜kðK-xÞ dmðxÞ
p kl
kk
Z
Gn;i
V˜kðL-xÞ dmðxÞ
¼ kl
Z
Sn1
rKðuÞlkrLðuÞk du
p V˜lðKÞ1k=l V˜lðLÞk=l :
This gives the inequality V˜lðKÞpV˜lðLÞ: &
Lemma 2.5. Let 0okol; and let L be a CN origin-symmetric convex body of
revolution that has positive curvature. If LeIi;lk then there exists another CN origin-
symmetric convex body of revolution K having positive curvature so that
V˜kðK-xÞoV˜kðL-xÞ
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for any xAGn;i; but
V˜lðKÞ4V˜lðLÞ:
Proof. By Lemma 1.3, there is a unique CN zonal function f on Gn;i so that
rlkL ¼ Ri f :
Since LeIi;lk; f is negative somewhere. Therefore, there is a CN zonal function
g40 on Gn;i such that Z
Gn;i
fgo0:
By Lemma 1.3, g ¼ Rig1 for some g1AC1; and we can deﬁne an origin-symmetric
body of revolution K by
rkK ¼ rkL  eg1
where e40 is sufﬁciently small. Using the argument from [G2, p. 439], one can show
that K is convex and its boundary has positive curvature. It follows that
RirkK ¼ RirkL  eg:
By (2.4), this gives
V˜kðK-xÞoV˜kðL-xÞ
for any xAGn;i: ButZ
Sn1
rlkL ðrkL  rkKÞ ¼ e
Z
Sn1
ðRi f Þg1 ¼ e
Z
Sn1
fgo0:
Thus, the Ho¨lder inequality gives
Z
Sn1
rlLo
Z
Sn1
rlkL r
k
Kp
Z
Sn1
rlL
 1k=l Z
Sn1
rlK
 k=l
:
This yields V˜lðKÞ4V˜lðLÞ: &
3. Some elementary geometric lemmas
Given a point zAintðKÞ (the interior of K), deﬁne the extended radial function of
K with respect to z;
rðz; vÞ ¼ supfl40 : z þ lvAKg; ðz; vÞAO ¼ intðKÞ  Sn1:
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Lemma 3.1. If a convex body KAKn has Cm boundary @K ; 1pmpN; then the
extended radial function rðz; vÞ is Cm in O:
Proof. Consider the function
v ¼ gðz; xÞ ¼ x  zjx  zj; zAintðKÞ; xA@K :
Since @K is Cm; gðz; xÞ is a Cm function in intðKÞ  @K: When z is ﬁxed, gðz; Þ is a
Cm diffeomorphism from @K to Sn1: By the implicit function theorem, x ¼ f ðz; vÞ is
a Cm function in O: Thus, rðz; vÞ ¼ jx  zj ¼ jf ðz; vÞ  zj is a Cm function in O: &
Lemma 3.2. For KAKne ; there exist origin-symmetric convex bodies KjCK of positive
curvature such that rKj ðuÞACNðSn1Þ and rKj ðuÞ-rKðuÞ uniformly on Sn1 as j-N:
Proof. Without loss of generality, assume that rKðuÞX1: It is well known that every
origin-symmetric convex body can be approximated in the Hausdorff metric by
origin-symmetric convex bodies having CN-boundary of positive curvature; see [S,
pp. 158–160]. Therefore, there exist CN origin-symmetric convex bodies of positive
curvature K 0j such that
jrK 0
j
ðuÞ  rKðuÞjo
1
j þ 1 8uAS
n1:
Let Kj ¼ jjþ1 K 0j : Then, obviously, rKj ðuÞ-rKðuÞ uniformly on Sn1 as j-N; and
rKj ¼
j
j þ 1 rK 0jo
j
j þ 1 rK þ
1
j þ 1
 
prK :
Thus, KjCK : &
Lemma 3.3. If K is a CN convex body of revolution with the radial function rK ; then
the star body Ke; e40; defined by
rpKe ¼ r
p
K  eprpþ1K ; p40;
is a CN convex body that has positive curvature when e40 is small enough.
Proof. We only need to prove that the boundary of Ke has positive curvature.
Note that
rKe ¼ rK  er2K þ Oðe2Þ:
Let r ¼ rK  er2K : Abusing notation, one can write rðuÞ  rðyÞ; y being the angle
between u and the hyperplane xn ¼ 0: Since r2K þ 2r02K  rKr00KX0; an elementary
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calculation gives
r2 þ 2r02  rr00 ¼ ð1 3erKÞðr2K þ 2r02K  rKr00KÞ þ er3K þ Oðe2Þ40
when e is small enough. This gives the desired result. &
Lemma 3.4. Let C be a C2 closed convex curve in the plane that encloses the origin. If
ðr; yÞ are the polar coordinates of a point on the curve and kðyÞ is the curvature, thenZ 2p
0
kðyÞðrðyÞ2 þ r0ðyÞ2Þ12 dy ¼ 2p:
Proof. Let s be the parameter of arc length of C; and let j be the angle between the
tangent line and the x-axis. Then
ds
dy
¼ ðrðyÞ2 þ r0ðyÞ2Þ12; dj
ds
¼ k:
Thus
2p ¼
Z 2p
0
dj ¼
Z c
0
k ds ¼
Z 2p
0
kðyÞðrðyÞ2 þ r0ðyÞ2Þ12 dy;
where c is the perimeter of the curve. &
4. Dual Radon transform formulas for radial functions of convex bodies
It was discovered in [G1,Z2] that positive solutions to the Busemann–Petty
problem in R3 and in R4 are intimately connected with the volume of parallel
hyperplane sections of convex bodies. For i ¼ n  1; this connection evolves through
appropriate representation of the inverse spherical Radon transform of the radial
function rKðuÞ: The corresponding formulas were obtained in [G1] ðn ¼ 3Þ; [Z2]
ðn ¼ 4Þ; and [GKS] (all nX3). A different proof of the formulas was given in [BFM].
In this section, we generalize these formulas to i-dimensional sections for all
2pipn  1:
For each convex body KAKn; we deﬁne the following functions:
Aiðt; xÞ ¼
Z
Sn1-x>
voliðK-ftu þ xgÞ du; xAGn;i; tAR; ð4:1Þ
aðt; vÞ ¼
Z
Sn1-v>
vol1ðK-ftu þ RvgÞ du; vASn1; tAR: ð4:2Þ
Function (4.1) averages volumes of all i-dimensional sections of K parallel to x at
distance jtj from the origin. Function (4.2) is the mean length of chords parallel to v
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at distance jtj from the origin. Note that
að0; vÞ ¼ rKðvÞ: ð4:3Þ
Lemma 4.1. Let KAKn; 2pion: Then
Ri Aiðt; ÞðvÞ ¼ si2
Z N
t
aðr; vÞðr2  t2Þi32 r dr; tX0: ð4:4Þ
Proof. This equality was established in [BFM] for i ¼ n  1: In the general case the
proof is as follows. We denote
giðt; vÞ ¼ Ri Aiðt; ÞðvÞ; vASn1;
bðx; vÞ ¼ vol1ðK-fx þ RvgÞ; xARn:
Fix a unit vector in v1Av> and let x0 be a subspace of dimension i that contains v and
v1: Let SOðn  1Þ be the group of rotations about v: Then
giðt; vÞ ¼
Z
SOðn1Þ
Aiðt; ax0Þ da
¼
Z
SOðn1Þ
da
Z
Sn1-x>0
du0
Z
xAK-fax0þtau0g
dx
¼
Z
SOðn1Þ
da
Z
Sn1-x>0
du0
Z
yAx0-v>
bðaðy þ tu0Þ; vÞ dy
¼
Z
SOðn1Þ
da
Z
Sn1-x>0
du0
Z
yAx0-v>
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jyj2 þ t2
q
av1; v
 
dy
¼ si2
Z
SOðn1Þ
da
Z N
0
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ t2
p
av1; v
 	
si2 ds
¼ si2
Z
Sn1-v>
du
Z N
t
bðru; vÞðr2  t2Þi32 r dr;
which gives (4.4). &
Let
rK ¼ supft40 : tBCKg ð4:5Þ
be the radius of inscribed ball in K :
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Lemma 4.2. If a convex body KAKn is Cm; 1pmpN; then the derivatives
A
ðjÞ
i ðt; xÞ ¼
d
dt
 j
Aiðt; xÞ; 1pjpm;
are continuous in ðrK ; rKÞ  Gn;i:
Proof. Let z ¼ tu; jtjorK ; uASn1-x>: Then
voliðK-fxþ tugÞ ¼ si1
i
Z
Sn1-x
rðtu; vÞi dv; ð4:6Þ
and by (4.1) we have
Aiðt; xÞ ¼ si1
i
Z
Sn1-x>
du
Z
Sn1-x
rðtu; vÞi dv:
The lemma follows from Lemma 3.1. &
Theorem 4.3. If a convex body KAKne is C
2; then
rK ¼
1
2p
R2
Z N
0
A2ð0; Þ  A2ðt; Þ
t2
dt; ð4:7Þ
rK ¼ 
1
4p
R3A
00
3ð0; Þ: ð4:8Þ
Proof. When u and v are ﬁxed, the function r-bðru; vÞ ¼ vol1ðK-fru þ RvgÞ has
compact support and is continuously differentiable except on the boundary of the
support. Owing to (4.4) and the Fubini theorem,
g2ðt; vÞ ¼ si2
Z N
t
ðr2  t2Þ12r dr
Z
Sn1-v>
bðru; vÞ du
¼  si2
Z
Sn1-v>
du
Z N
t
ðr2  t2Þ12b0ðru; vÞ dr:
By changing variable, we get
1
t2
ðg2ðt; vÞ  g2ð0; vÞÞ
¼ si2
Z
Sn1-v>
du 
Z N
1
ðs2  1Þ12b0ðtsu; vÞ ds þ
Z N
0
sb0ðtsu; vÞ ds
 
¼ si2
Z
Sn1-v>
du 
Z N
1
ðs  ðs2  1Þ12Þb0ðtsu; vÞ ds þ
Z 1
0
sb0ðtsu; vÞ ds
 
:
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Thus, by the Fubini theorem,
R2
Z N
0
A2ðt; Þ  A2ð0; Þ
t2
dt ¼
Z N
0
g2ðt; vÞ  g2ð0; vÞ
t2
dt
¼ si2
Z
Sn1-v>
du bð0; vÞ
Z N
1
s  ðs2  1Þ12
s
ds  bð0; vÞ
0
@
1
A
¼  2prKðvÞ:
This yields (4.7).
To show (4.8), we differentiate (4.4) and obtain
d
dt
R3A3ðt; ÞðvÞ ¼ 2ptaðt; vÞ:
Hence
d2
dt2
R3A3ðt; ÞðvÞjt¼0 ¼ 2pað0; vÞ ¼ 4prKðvÞ:
By Lemma 4.2, one can differentiate under the sign of R3 that gives (4.8). &
The special case n ¼ 3 of formula (4.7) was obtained by Gardner [G1] in a slightly
different form. The special case n ¼ 4 of formula (4.8) was proved by Zhang [Z2].
Both cases were given different proofs by Gardner et al. [GKS], and later by Barthe
et al. [BFM], Koldobsky [K3], and Rubin [R3].
The proof of formula (4.7) requires that the convex body is C1: In fact, (4.7) holds
for any origin-symmetric convex body.
Theorem 4.4. If KAKne then the function
j2ðxÞ ¼
1
2p
Z N
0
A2ð0; xÞ  A2ðt; xÞ
t2
dt ð4:9Þ
is well defined for almost all xAGn;2; non-negative, and integrable on Gn;2: Furthermore,
for all vASn1;
rKðvÞ ¼ ðR2j2ÞðvÞ: ð4:10Þ
Proof. We ﬁx vASn1; and set gðtÞ ¼ R2A2ðt; ÞðvÞ; aðrÞ ¼ aðr; vÞ: By (4.4),
gð0Þ  gðtÞ ¼ 2t
Z N
0
aðtsÞ ds 
Z N
1
aðtsÞðs2  1Þ1=2s ds
 
¼ 2t
Z N
0
aðtsÞkðsÞ ds;
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where kðsÞ ¼ 1 if so1 and kðsÞ ¼ 1 sðs2  1Þ1=2 if s41: Then for e40;
1
2
Z N
e
gð0Þ  gðtÞ
t2
dt ¼
Z N
e
dt
t
Z N
0
aðtsÞkðsÞ ds
¼
Z N
0
aðyÞ dy
Z N
e
k
y
t
 	dt
t2
¼
Z N
0
aðyÞdy
y
Z y=e
0
kðsÞ ds:
This gives
1
2
Z N
e
gð0Þ  gðtÞ
t2
dt ¼
Z N
0
aðeyÞlðyÞ dy; ð4:11Þ
lðyÞ ¼ 1
y
Z y
0
kðsÞ ds ¼ y  ðy
2  1Þ1=2þ
y
AL1ð0;NÞ;
where ðy2  1Þ1=2þ ¼ ðy2  1Þ1=2 if y41 and 0 otherwise. Since aðrÞ is bounded and
continuous at r ¼ 0; the Lebesgue theorem on dominated convergence yields
1
2
lim
e-0
Z N
e
gð0Þ  gðtÞ
t2
dt ¼ að0Þ
Z N
0
lðyÞ dy ¼ p
2
að0Þ ¼ prK : ð4:12Þ
To ﬁnish the proof we denote
jeðxÞ ¼
1
2p
Z N
e
A2ð0; xÞ  A2ðt; xÞ
t2
dt:
It is clear that je is bounded on Gn;2 for each e40: Moreover, since K is convex and
origin-symmetric, then A2ð0; xÞ  A2ðt; xÞX0 8t; x; and therefore jeðxÞ represents a
sequence of non-decreasing (in e) non-negative functions. The integrals
R2je ¼
1
2p
Z N
e
gð0Þ  gðtÞ
t2
dt
are uniformly bounded in e because by (4.11), R2jepp1jjajjN
RN
0 lðyÞ dy: Applying
the Beppo Levi theorem [KF, p. 58] and using (4.12), we conclude that the limit
j2ðxÞ ¼ lime-0 jeðxÞ ¼
1
2p
Z N
0
A2ð0; xÞ  A2ðt; xÞ
t2
dt
exists a.e. on Gn;2; j2 is integrable on Gn;2; and R

2j2 ¼ lime-0 R2je ¼ rK : &
The next theorem extends (4.7) and (4.8) to the case of sections of arbitrary
dimension 1pion: It generalizes known formulas for i ¼ n  1 which were obtained
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in [GKS] using Fourier transform techniques. Our proof is based on another idea,
and might be useful in different occurrences.
Theorem 4.5. If KAKne is C
N; then the radial function rK can be represented by the
dual Radon transform rK ¼ Ri ji where
jiðxÞ ¼
p
1i
2
G 1i
2
  Z N
0
t1i Aiðt; xÞ 
Xi22
j¼0
t2j
ð2jÞ! A
ð2jÞ
i ð0; xÞ
2
64
3
75dt; i even; ð4:13Þ
jiðxÞ ¼
ð1Þi12 p1 i2
2i G i
2
  Aði1Þi ð0; xÞ; i odd: ð4:14Þ
Proof. Consider the following analytic family of functions associated to the body K :
glðxÞ ¼ 1Gðl=2Þ
Z
K
jPx>xjlþin dx; xAGn;i; 0oRe lon  i; ð4:15Þ
where jPx>xj denotes the length of the orthogonal projection of x on x>: Integration
in (4.15) over slices parallel to x gives
glðxÞ ¼ 1Gðl=2Þ
Z
x>
jyjlþinvoliðK-fxþ ygÞ dy
¼ sni1
Gðl=2Þ
Z N
0
tl1Aiðt; xÞ dt: ð4:16Þ
On the other hand, by passing to polar coordinates we have
glðxÞ ¼ sni1ðlþ iÞGðl=2Þ
Z
Sn1
jPx>ujlþinrlþiK ðuÞ du: ð4:17Þ
For fACNevenðSn1Þ; consider the generalized cosine transform [R2]
ðRli f ÞðxÞ ¼
sn1Gððn  i  lÞ=2Þ
2pðn1Þ=2Gðl=2Þ
Z
Sn1
f ðuÞjPx>ujlþin du: ð4:18Þ
By Theorem 1.1 from [R2],
Gððn  iÞ=2Þ
Gððn  1Þ=2Þ R

i R
l
i f ¼ Qlþi1f ; ð4:19Þ
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where Qlþi1f is the spherical Riesz potential deﬁned by (1.7). For f ¼ rlþiK ;
combining (4.17)–(4.19), we obtain
Qlþi1rlþiK ¼ clRi gl; cl ¼
ðlþ iÞGððn  iÞ=2ÞGððn  i  lÞ=2Þ
2pðn1Þ=2Gððn  1Þ=2Þ : ð4:20Þ
Owing to (1.8), analytic family Qa includes the identity operator (for a ¼ 0). Hence
analytic continuation (a.c.) of (4.20) at l ¼ 1 i reads
rK ¼ cRi ½a:c: gljl¼1i; c ¼
Gððn  iÞ=2Þ
2pðn1Þ=2
: ð4:21Þ
We evaluate analytic continuation in the square brackets using (4.16). By the well-
known formula from [GS, Chapter 1, Section 3], for coRe lo cþ 1; cAN; we
have
a:c:
Z N
0
tl1Aiðt; xÞ dt ¼
Z N
0
tl1 Aiðt; xÞ 
Xc1
j¼0
tj
j!
A
ðjÞ
i ð0; xÞ
" #
dt: ð4:22Þ
Since all derivatives of Aiðt; xÞ of odd order are zero at t ¼ 0; then for c odd, the sumPc1
j¼0 can be replaced by
Pc
j¼0; and (4.22) holds for c 1oRe lo cþ 1: It
follows that for i even, one can set c ¼ i  1 in (4.22) and obtain (4.13). On the other
hand, the duplication formula for G-functions yields
glðxÞ ¼ 2
l1p1=2sni1
ðlþ iÞ cosðlp=2ÞGðð1 lÞ=2Þ
1
GðlÞ
Z N
0
tl1Aiðt; xÞ dt
 
;
and therefore [GS, Chapter 1],
a:c: glðxÞjl¼1i ¼
ð1Þði1Þ=2p1=2sni1
2iGði=2Þ A
ði1Þ
i ð0; xÞ:
This equality together with (4.21) imply (4.14). &
5. Positive answers
The following theorem gives a partial solution to Problem B.
Theorem 5.1. Let i ¼ 2; or 3; k40; and K ; LAKne : If IkðK ; xÞpIkðL; xÞ for any
xAGn;i; then Jkþ1ðKÞpJkþ1ðLÞ:
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Proof. Let K have a CN boundary. Then
t/½voliðK-fxþ tugÞ1=i; uAx>
is a concave function and has maximum at t ¼ 0: It follows that A00i ð0; Þp0 (the
derivative exists by Lemma 4.2), and A2ð0; xÞ  A2ðt; xÞX0 8x: Hence Theorem 4.3
implies that KAIi;1 when i ¼ 2; or 3: The desired result now follows by Lemma 2.4.
If K is not smooth, one can pick a sequence fKjg speciﬁed by Lemma 3.2. Since
KjCK ; then IkðKj ; xÞpIkðK ; xÞpIkðL; xÞ; and, by above, Jkþ1ðKjÞpJkþ1ðLÞ for all j:
It remains to pass to the limit in the last inequality, by taking into account that
Jkþ1ðKjÞ-Jkþ1ðKÞ as rKj ðuÞ-rKðuÞ uniformly on Sn1: &
The following theorem gives a partial solution to Problem A and generalizes
positive solutions to the Busemann–Petty problem in R3 and R4; cf. [G1,GKS,Z2].
Theorem 5.2. Let 1pkpi; i ¼ 2; or 3; K ; LASne : If K is convex, and
V˜kðK-xÞpV˜kðL-xÞ
for all xAGn;i; then
V˜kþ1ðKÞpV˜kþ1ðLÞ:
Theorem 5.1 resolves Problems A and B only for l ¼ k þ 1: If we wish to extend it
to any l4k then, by Lemma 2.4, we need representation
rlkK ¼ Ri j; jX0: ð5:1Þ
Theorem 4.5 does not provide it, but the proof of this theorem shows that one can
arrive at (5.1) and express j in the same manner as in (4.13), if we change deﬁnition
(4.1) of Aiðt; xÞ: Let us sketch the basic idea [R4]. The expression voliðK-fxþ tugÞ
is the Euclidean Radon i-plane transform of the characteristic function wKðxÞ of the
body K [He]. If we replace Aiðt; xÞ by the i-plane transform of the more general
function jxjlwKðxÞ with appropriate l and proceed as in the proof of Theorem 4.5 we
arrive at (5.1). This way leads to another class of star bodies rather than just convex
bodies.
Bodies of revolution: Theorems 5.1 and 5.2 can be essentially strengthened for
bodies of revolution. To this end we use representation (1.5) the right-hand side of
which resembles the so-called Erdelyi–Kober fractional integral. Such integrals are
well known in fractional calculus and arise in numerous applications; see [SKM,
Section 18(1)] and references therein. We recall some basic facts.
For a40 and ZX 1=2; the Erdelyi–Kober fractional integral is deﬁned by
IaZ f ðrÞ ¼
2r2ðaþZÞ
GðaÞ
Z r
0
ðr2  s2Þa1s2Zþ1f ðsÞ ds: ð5:2Þ
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For a ¼ 0; we set IaZ f ¼ f : Operators IaZ enjoy the composition law
IaZ I
b
Zþa ¼ IaþbZ : ð5:3Þ
This can be easily checked by changing the order of integration. The left inverse of IaZ
has the form
ðIaZ Þ1f ðrÞ ¼ r2Z
1
2r
d
dr
 m
r2Zþ2mImaZþa f ðrÞ; 8mXa; mAN: ð5:4Þ
Owing to (1.5), we have
Ri jðuÞ ¼ cIaZj0ðrÞ; ð5:5Þ
c ¼ p
ði1Þ=2sni1
sn2
; a ¼ i  1
2
; Z ¼ n  i
2
 1; r ¼ sin dðen; uÞ:
Formulae (5.2)–(5.5) will be repeatedly used in the following.
We recall that a body K is axially convex (with respect to the xn-axis) if any
segment ½A; B parallel to the xn-axis lies in K provided that A; BAK:
Theorem 5.3. Let i ¼ 2 or 3; k40; and 0oppn  i: If K ; LASne and K is an axially
convex body of revolution satisfying IkðK ; xÞpIkðL; xÞ for any xAGn;i; then
JkþpðKÞpJkþpðLÞ:
Proof. It is enough to prove the result when rKAC
NðSn1Þ: In this case rpKAC1;
and, by Lemma 1.3, rpK ¼ Ri j; jACi: According to Lemma 1.1, we set rKðuÞ 
rðrÞ; jðxÞ  j0ðsÞ; where r ¼ sin dðen; uÞ; s ¼ sin dðen; xÞ: By (5.5),
rðrÞp ¼ cIaZj0ðrÞ: ð5:6Þ
If i ¼ 3; then a ¼ 1; 2Z ¼ n  5; and (5.4) (with m ¼ 1) yields
cj0ðrÞ ¼
1
2
r4nðrn3rðrÞpÞ0: ð5:7Þ
This expression is non-negative for 0pppn  3 because rrðrÞ is non-decreasing
thanks to axial convexity of K : Therefore, KAI3;p: If i ¼ 2; then a ¼ 1=2; 2Z ¼
n  4; and by (5.4) we have
cj0ðrÞ ¼
r3n
2
d
dr
rn2I1=2ðn3Þ=2r
p
 	
ðrÞ
¼ r
3n
p1=2
d
dr
Z r
0
ðr2  s2Þ1=2sn2rðsÞp ds ð5:8Þ
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¼ r
3n
p1=2
d
dr
Z 1
0
ð1 t2Þ1=2ðrtÞn2rðrtÞp dt: ð5:9Þ
If 0pppn  2; then rn2rðrÞp ¼ rn2pðrrðrÞÞp is non-decreasing since rrðrÞ is non-
decreasing. It follows that the integral in (5.9) is a non-decreasing function of r:
Hence j0X0; and therefore, KAI2;p: The desired result now follows from Lemma
2.4. &
For n ¼ 3; i ¼ 2; Theorem 5.3 was proved by Hadwiger [H].
In the context of Problem A we have the following
Corollary 5.4. Let i ¼ 2 or 3; 1pkpi; kolpn þ k  i: If K ; LASne and K is an
axially convex body of revolution satisfying
V˜kðK-xÞpV˜kðL-xÞ
for any xAGn;i; then
V˜lðKÞpV˜lðLÞ:
6. Negative answers
To prove negative results, we need counterexamples. Our counterexamples are
perturbations of a cylinder, and constructed as follows: We take a rectangle centered
at the origin in the two-plane ðx1; xnÞ : fðx1; xnÞ : jx1jp1; jxnjphg; h40: Let us
smoothen each corner of the rectangle to get a closed convex curve C which is
symmetric about the axes. Speciﬁcally, for small e40; around the corner ð1; hÞ; we
connect the points ð1 e; hÞ and ð1; h  eÞ by a CN convex curve that is CN tangent
to the rectangle at both points, and do the same for other corners. Then the curve C
is CN and contains four line segments. As an explicit example, one can divide the
closed convex curve e1=x
2
1 þ e1=x2n ¼ e1=e2 into four symmetric parts and put them
at the four corners of the rectangle. Rotating the curve C about the xn-axis, we get a
CN convex body of revolution Le:
Theorem 6.1. For all k40; in the cases
ðaÞ 1oip3; p4n  i; and ðbÞ iX4; p40;
there exist origin-symmetric convex bodies of revolution K and L in Rn such that
IkðK ; xÞpIkðL; xÞ
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for any xAGn;i; but
JkþpðKÞ4JkþpðLÞ:
Proof. By Lemma 2.5, it sufﬁces to show that there exists a CN origin-symmetric
convex body of revolution with positive curvature that is not in Ii;p: By Lemma 3.3,
we only need to construct a CN origin-symmetric convex body of revolution LeIi;p:
That is, if
rpL ¼ Ri j; ð6:1Þ
then j is negative somewhere. Let L be the body Le constructed above. Note that for
some oe40;
rLðuÞ ¼
1
sino
; oepop
p
2
; ð6:2Þ
where o is the geodesic distance between u and the north pole. Let rðrÞ ¼ rLðuÞ; r ¼
sino; re ¼ sinoe: Then rðrÞ ¼ 1=r 8rA½re; 1:
Let us consider all cases step by step.
(1) Let i ¼ 2; p4n  2: We choose a long smoothened cylinder Le (h is large). As
in (5.8), we have
cp1=2rn3j0ðsÞ ¼
d
ds
Z s
0
ðs2  r2Þ1=2rn2rðrÞp dr ¼ g1ðsÞ þ g2ðsÞ;
where
g1ðsÞ ¼ d
ds
Z re
0
ðs2  r2Þ1=2rn2rðrÞp dro0
and
g2ðsÞ ¼ d
ds
Z s
re
ðs2  r2Þ1=2rn2p dr
¼ d
ds
sn2p
Z 1
re=s
ð1 t2Þ1=2 tn2p dt
" #
:
An elementary calculation gives
g2ðsÞ ¼ s2rn1pe ½aðre=sÞ þ bðre=sÞ; ð6:3Þ
aðxÞ ¼ ðn  2 pÞxpþ1n
Z 1
x
ð1 t2Þ1=2tn2p dt; bðxÞ ¼ ð1 x2Þ1=2;
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x ¼ re=sA½re; 1: Note that re is very small when the height of Le is large. Therefore,
the statement will be proved if we show that
lim
x-þ0
½aðxÞ þ bðxÞo0: ð6:4Þ
Indeed, in this case there exists xeAð0; 1Þ such that aðxeÞ þ bðxeÞo0: If we choose oe
in (6.2) so that sinoe ¼ xe; then g2ð1Þ ¼ xn1pe ½aðxeÞ þ bðxeÞo0; and we are done.
Let us check (6.4). If n  1 pX0 then aðxÞ-N; bðxÞ-1; and (6.4) follows.
In the case n  1 po0 we have
lim
x-þ0
½aðxÞ þ bðxÞ ¼ n  2 p
p þ 1 n þ 1 ¼
1
n  1 po0:
(2) Let i ¼ 3; p4n  3: Then for rA½re; 1; (5.7) yields
2cj0ðrÞ ¼ r4nðrn3pÞ0 ¼ ðn  3 pÞrpo0:
(3) Let i ¼ 4: Then a ¼ 3
2
; and Z ¼ n
2
 3: We choose the example Le so that h ¼ 1:
By (5.6),
rðrÞp ¼ cI
3
2
n
2
3j0ðrÞ;
and therefore (5.4) and (5.2) yield
cj0ðrÞ ¼ r6n
1
2r
d
dr
 2
rn2 I
1
2
n3
2
rðÞp
 
ðrÞ
¼ 2r
6nﬃﬃﬃ
p
p 1
2r
d
dr
 2Z r
0
ðr2  s2Þ12sn2rðsÞp ds:
Using integration by parts and differentiation twice, we have
cj0ðrÞ ¼
r6n
2
ﬃﬃﬃ
p
p
Z r
0
ðr2  s2Þ12½ðsn3rpÞ0=s0 ds:
Now we set s ¼ sin y and get
cj0
1ﬃﬃﬃ
2
p
 
¼ 2
n
2
4ﬃﬃﬃ
p
p
Z p
4
0
gðyÞ 1
2
 sin2 y
 1
2
dy;
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where
gðyÞ ¼ d
dy
d
dyðrp sinn3 yÞ
sin y cos y
 !
¼ aðyÞ  bðyÞDðyÞsinn4 y;
aðyÞ ¼ ðn  3Þðn  5Þrp sinn6 y cos yþ sinn5 y 2n  8þ 1
cos2 y
 
prp1
dr
dy
þ sin
n4 y
cos y
prp2 r2 þ ðp þ 1Þ dr
dy
 2 !
;
bðyÞ ¼ pr
p2
cos y
r2 þ dr
dy
 2 !
;
DðyÞ ¼ kðyÞ r2 þ dr
dy
 2 !12
;
kðyÞ ¼
r2 þ 2 dr
dy
 	2
r d2r
dy2
r2 þ dr
dy
 	2 3=2 : ð6:5Þ
Since r and dr
dy are uniformly bounded for any 0oeo14; there are constants b0 and
M so that
jaðyÞjoM; bðyÞ4b040
for 0pypp
4
: Let M1 ¼ M
R p
4
0
1
2
 sin2 y 12 dy: Then,
cj0
1ﬃﬃﬃ
2
p
 
oM1  b0
Z p
4
0
DðyÞ sin
n4 y
1
2
 sin2 y 12 dy: ð6:6Þ
Since the curve C converges to a square as e-0; the integral in (6.6) can be
arbitrarily large. Indeed, one can choose d40 so that
sinn4 y
1
2
 sin2 y 124
8M1
pb0
; 8yA p
4
 d; p
4
 	
:
Then we choose e40 of Le such that kðyÞ ¼ 0 for 0pypp4  d: By Lemma 3.4, we
obtain Z p
4
0
DðyÞ sin
n4 y
1
2
 sin2 y 12 dy4
8M1
pb0
Z p
4
0
DðyÞ dy ¼ 2M1
b0
:
Therefore, by (6.6), j0
1ﬃﬃ
2
p
 	
o M1=co0 when e is small enough.
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(4) Let iX5: Again, we choose the example Le so that h ¼ 1: By (5.6) and (5.3),
rðrÞp ¼ cIaZj0 ¼ cI2Z Ia2Zþ2j0 ¼ I2Zc;
where c ¼ cIa2Zþ2j0: By (5.4),
cðrÞ ¼ riþ2n 1
2r
d
dr
 2
rniþ2rðrÞp:
Let r ¼ sin f: Note that dr
dfjf¼p4 ¼ 0: An elementary calculation gives
c
1ﬃﬃﬃ
2
p
 
¼ 1
2
ðn  i þ 2Þðn  iÞrp þ prp1 d
2r
df2
 
f¼p4
:
Since the curvature k of the curve C at f ¼ p
4
tends to þN as e-0; (6.5) implies that
d2r
df2
tends to N as e-0: Therefore, cð 1ﬃﬃ
2
p Þo0 when e is small enough. It follows that
j0 is negative somewhere when e is sufﬁciently small. &
Remark 6.2. In the case iX4; pXn  i; one can give a simpler proof of Theorem 6.1.
Namely, by using notation of Lemma 1.2, from (1.5), (6.1) and (6.2), we have
rnip ¼ c2
Z r
0
1 s
2
r2
 ði3Þ=2
sni1j0ðsÞ ds; 8rA½re; 1; ð6:7Þ
where r ¼ sino; j0ðsin dðen; xÞÞ ¼ jðxÞ: If j0X0 and pXn  i then the left-hand
side of (6.7) does not increase on ½re; 1; whereas the right-hand side is increasing
because its derivative is positive. This contradiction shows that j0 is negative
somewhere.
For p ¼ n  k; Theorem 6.1 (or Remark 6.2) implies the following
Corollary 6.3. If 1pkpi and 4pion; then there exist origin-symmetric convex
bodies of revolution K and L in Rn such that IkðK ; xÞpIkðL; xÞ for any xAGn;i; but
volnðKÞ4volnðLÞ:
If k ¼ i this corollary gives the known negative answer to the generalized
Busemann–Petty problem for i-dimensional sections of origin-symmetric convex
bodies in Rn in the case 4pion: This result was established in [BZh,K2] by different
methods.
Table 1 is a summary of solutions to Problem A when K is a body of revolution.
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Appendix
The following theorem was proved in [BZh].
Theorem A.1 (See Bourgain and Zhang [BZh, Theorem 1.3]). For 3oion; there
exist origin-symmetric convex bodies of revolution K and L in Rn so that
voliðK-xÞovoliðL-xÞ; 8xAGn;i;
but
volnðKÞ4volnðLÞ:
The proof of this theorem used the following
Lemma A.2 (See Bourgain and Zhang [BZh, Lemma 3.2]). For 3oion; there exist a
CN convex body K and a CN function g so that
Riðri4K gÞo0;
Z
Sn1
rn4K g40:
The proof of this lemma given in [BZh] has certain gap. We give a correct
proof here.
Proof of Lemma A.2. We shall seek a CN convex body K and a CN function g that
are SOðn  1Þ-invariant. One can take K to be a smoothened cylinder Le described in
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Table 1
i k l Answer
2 1 n No Theorem 6.1
2 1 1olon Yes Corollary 5.4
2 2 2olpn Yes Corollary 5.4
3 1pkp3 kolpn þ k  3 Yes Corollary 5.4
3 1pkp3 n þ k  3olpn No Theorem 6.1
iX4 1pkon kolpn No Theorem 6.1
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the beginning of Section 6. By Lemma 1.3,
rniK ¼ Ri j; ðA:1Þ
and (1.5) yields
1 ¼ c2
Z r
0
1 s
2
r2
 ði3Þ=2
sni1j0ðsÞ ds; 8rA½re; 1; ðA:2Þ
where r ¼ sino; j0ðsin dðen; xÞÞ ¼ jðxÞ: If j0X0 then the right-hand side of (A.2) is
increasing because its derivative is positive. This contradiction shows that the
function jðxÞ in (A.1) is negative somewhere. Then we construct g1ACi so that
g1ðxÞo0 8xAGn;i; and
R
Gn;i
jg140: To this end we take the absolute value of g1
sufﬁciently small where jX0 and sufﬁciently large where jo0: By Lemma 1.3, there
is gAC1 satisfying g1 ¼ Riðri4K gÞ: Now by (A.1) and (1.2), we haveZ
Sn1
rn4K g ¼
Z
Sn1
Ri jr
i4
K g ¼
Z
Gn;i
jg140;
and the lemma is proved. &
References
[A] S. Alesker, Continuous rotation invariant valuations on convex sets, Ann. Math. 149 (1999)
977–1005.
[B] K. Ball, Some remarks on the geometry of convex sets, in: J. Lindenstrauss, V. Milman (Eds.),
Geometric aspects of Functional Analysis—1986–1987, Lecture Notes in Mathematics, Vol.
1317, Springer, Berlin, 1988, pp. 224–231.
[BFM] F. Barthe, M. Fradelizi, B. Maurey, A short solution to the Busemann–Petty problem, Positivity
3 (1999) 95–100.
[Bo] J. Bourgain, On the Busemann–Petty problem for perturbations of the ball, Geom. Funct. Anal.
1 (1991) 1–13.
[BZh] J. Bourgain, G. Zhang, On a generalization of the Busemann–Petty problem, in: K. Ball, V.
Milman (Eds.), Convex Geometric Analysis, MSRI Publications, Vol. 34, Cambridge University
Press, New York, 1998, pp. 65–76.
[BZ] Yu. D. Burago, V.A. Zalgaller, Geometric inequalities, Springer, Berlin, 1988.
[BP] H. Busemann, C.M. Petty, Problems on convex bodies, Math. Scand. 4 (1956) 88–94.
[G1] R.J. Gardner, A positive answer to the Busemann–Petty problem in three dimensions, Ann.
Math. 140 (1994) 435–447.
[G2] R.J. Gardner, Intersection bodies and the Busemann–Petty problem, Trans. Amer. Math. Soc.
342 (1994) 435–445.
[G3] R.J. Gardner, Geometric Tomography, Cambridge University Press, New York, 1995.
[GKS] R.J. Gardner, A. Koldobsky, T. Schlumprecht, An analytic solution to the Busemann–Petty
problem on sections of convex bodies, Ann. Math. 149 (1999) 691–703.
[GS] I.M. Gelfand, G.E. Shilov, Generalized functions, Vol. 1, Properties and Operations, Academic
Press, New York, 1964.
[Gi] A. Giannopoulos, A note on a problem of H. Busemann and C.M. Petty concerning sections of
symmetric convex bodies, Mathematika 37 (1990) 239–244.
ARTICLE IN PRESS
B. Rubin, G. Zhang / Journal of Functional Analysis 213 (2004) 473–501500
[GZ] P. Goodey, G. Zhang, Inequalities between projection functions of convex bodies, Amer.
J. Math. 120 (1998) 345–367.
[GrR] E. Grinberg, B. Rubin, Radon inversion on Grassmannians via Ga˚rding–Gindikin fractional
integrals, Ann. Math. in press.
[GrZ] E. Grinberg, G. Zhang, Convolutions, transforms, and convex bodies, Proc. London Math. Soc.
78 (3) (1999) 77–115.
[H] H. Hadwiger, Radialpotenzintegrale zentralsymmetrischer Rotations-ko¨rper und Ungleichheit-
saussagen Busemannscher Art, Math. Scand. 23 (1968) 193–200.
[He] S. Helgason, The Radon Transform, 2nd Edition, Birkha¨user, Boston, 1999.
[Kl] D.A. Klain, Invariant valuations on star-shaped sets, Adv. Math. 125 (1997) 95–113.
[K1] A. Koldobsky, Intersection bodies, positive deﬁnite distributions and the Busemann–Petty
problem, Amer. J. Math. 120 (1998) 827–840.
[K2] A. Koldobsky, A functional analytic approach to intersection bodies, Geom. Funct. Anal. 10
(2000) 1507–1526.
[K3] A. Koldobsky, The Busemann–Petty problem via spherical harmonics, preprint, 2002.
[KF] A.N. Kolmogorov, S.V. Fomin, Elements of the Theory of Functions and Functional Analysis,
Vol. 2, Graylock Press, Albany, NY, 1961.
[LR] D.G. Larman, C.A. Rogers, The existence of a centrally symmetric convex body with central
cross-sections that are unexpectedly small, Mathematika 22 (1975) 164–175.
[Lu] E. Lutwak, Intersection bodies and dual mixed volumes, Adv. Math. 71 (1988) 232–261.
[Mc1] P. McMullen, Non-linear angle-sum relations for polyhedral cones and polytopes, Math. Proc.
Cambridge Philos. Soc. 78 (1975) 247–261.
[Mc2] P. McMullen, Inequalities between intrinsic volumes, Mh. Math. 111 (1991) 47–53.
[M] C. Mu¨ller, Spherical Harmonics, Springer, Berlin, Heidelberg, New York, 1966.
[Ne] U. Neri, Singular Integrals, Springer, Berlin, 1971.
[P] M. Papadimitrakis, On the Busemann–Petty problem about convex, centrally symmetric bodies
in Rn; Mathematika 39 (1992) 258–266.
[PBM] A.P. Prudnikov, Y.A. Brychkov, O.I. Marichev, Integrals and Series: Special Functions, Nauka,
Moscow, 1983 (in Russian).
[R1] B. Rubin, Fractional integrals and potentials, in: Pitman Monographs and Surveys in Pure and
Applied Mathematics, Vol. 82, Longman, Harlow, 1996.
[R2] B. Rubin, Inversion formulas for the spherical Radon transform and the generalized cosine
transform, Adv. Appl. Math. 29 (2002) 471–497.
[R3] B. Rubin, Notes on Radon transforms in integral geometry, Fractional Calculus Appl. Anal. 6
(2003) 25–72.
[R4] B. Rubin, Analytic families associated to Radon transforms in integral geometry, Lecture
delivered at the PIMS, Vancouver, July 1–5, 2002.
[SKM] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and Derivatives. Theory and
Applications, Gordon and Breach, New York, 1993.
[Sa] L.A. Santalo, Integral Geometry and Geometric Probability, Addison–Wesley, Reading, MA,
1976.
[S] R. Schneider, Convex Bodies: The Brunn–Minkowski Theory, Cambridge University Press,
Cambridge, 1993.
[VK] N.Ja. Vilenkin, A.V. Klimyk, Representations of Lie groups and special functions, Vol. 2, Kluwer
Academic publishers, Dordrecht, 1993.
[Z1] G. Zhang, Sections of convex bodies, Amer. J. Math. 118 (1996) 319–340.
[Z2] G. Zhang, A positive solution to the Busemann–Petty problem in R4; Ann. of Math. 149 (1999)
535–543.
ARTICLE IN PRESS
B. Rubin, G. Zhang / Journal of Functional Analysis 213 (2004) 473–501 501
